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NONEXISTENCE OF GENERALIZED BENT FUNCTIONS AND THE
QUADRATIC NORM FORM EQUATIONS
CHANG LV
Abstract. We obtain the nonexistence of generalized bent functions (GBFs) from (Z/tZ)n to
Z/tZ (called type [n, t]), for a large new class. Specifically, by showing certain quadratic norm
form equations have no integral points, we obtain the universal nonexistence of GBFs with type
[n, 2pe] for all sufficiently large p with respect to n and (p − 1)/ ord2(p), and by computational
methods with a well accepted hypothesis (generalized Riemann hypothesis), we also guarantee
some nonexistence results for relative small prime p.
1. Introduction
Let n ≥ 1, t ≥ 2 be integers, Z/tZ the residue ring modulo t and ζt = exp(2pi
√−1/t) a primitive
t-th root of unity.
Definition 1.1. A function F from (Z/tZ)n to Z/tZ is called a Generalized Bent Function (GBF)
with type [n, t] if
(1.2) F (λ)F (λ) = tn
for every λ ∈ (Z/tZ)n, where
F (λ) =
∑
x∈(Z/tZ)n
ζ
f(x)
t · ζ−x·λt
is the Fourier transform of the function ζ
f(x)
t , x · λ is the standard dot product, and F (λ) is the
complex conjugate of F (λ).
In 1976, Rothaus [22] introduced Bent functions, which belong an important class of crypto-
graphic functions having nice properties. Due to Kumar et al. [10], GBFs are natural generaliza-
tions of Bent functions, and have been used in many areas. We refer the reader to [1, 20, 10, 17]
for background and applications about Bent functions and GBFs.
A natural question is when GBFs do exist. For t = 2, Rothaus [22] proved that GBFs with type
[n, 2] exist if and only if n is even. For t > 2 Kumar et al. [10] constructed GBFs except the case
where n is odd and t ≡ 2 (mod 4), with which type there is no GBF found up till now. For more
constructions and characterizations of GBFs we refer the reader to [16, 23].
In this paper we focus on the nonexistence of GBFs. We only consider the case where n is odd
and t = 2N with 2 ∤ N ≥ 3, since there is no GBF with type [n, t] being constructed. There are
many nonexistence results of GBFs under some extra constraints:
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(1) (Kummar [10]) type [n, 2N ] where 2 ∤ N ≥ 3, 2s ≡ −1 (mod N) for some integer s ≥ 1,
and n is odd,
(2) (Pei [21]) type [1, 2× 7],
(3) (Ikeda [7]) type [1, 2pe11 . . . p
eg
g ] where p1, . . . , pg are distinct primes and
psii ≡ −1 (mod N/peii ) for some si, i = 1, . . . , g,
(4) (Feng [3]) type [n < m/s, 2pl], where n is odd, p ≡ 7 (mod 8) is a prime, s = ϕ(pl)ord
pl
(2) (here
ϕ is the Euler phi function, and ordN (a) means the order of a in the multiplicative group
(Z/NZ)×) and m is the smallest odd positive integer s.t. x2 + py2 = 2m+2 has integral
solutions,
(5) (Feng et al. [3, 4, 5]) various classes with type [n < m, 2pl11 p
l2
2 ], where n is odd, p1, p2 are
two distinct primes satisfying some conditions and m is an upper bound for n,
(6) (Jiang and Deng [9]) type [3, 2× 23e],
(7) (Li and Deng [11]) type [m, 2pe] where p ≡ 7 (mod 8) is a prime with ordpe(2) = ϕ(pe)/2
and m is defined the same as in (4),
(8) (Lv and Li [14]) type [m, 2pr11 p
r2
2 ] where p1 ≡ 7 (mod 8) and p2 ≡ 5 (mod 8) are two primes
satisfying some conditions and m is defined the same as in (4) except that p is replaced by
p1,
(9) (Lv and Li [14]) type [1 ≤ n ≤ 3, 2 × 31e] and [1 ≤ n ≤ 5, 2 × 151e] where e and n are
positive integers and n is odd.
The main result (Theorem 3.1) in this paper provides the universal nonexistence of GBFs with
type [n, 2pe] for all sufficiently large p with respect to n and (p− 1)/ ord2(p), including cases where
all known methods appearing in previous literature are NOT applicable. In addition, we show that
for a fixed n, there are infinitely many such p’s (Corollary 3.5), under a well accepted hypothesis
(extended Riemann hypothesis). We also use computational methods with a similar hypothesis
(generalized Riemann hypothesis) to give some nonexistence results for relative small prime p.
The paper is organised as follows. In Section 2 we study the integral solubility of a class of
quadratic norm form equations over subfields of cyclotomic fields, which is the main tool we shall
use. As an application, we prove Theorem 3.1 in Section 3, and discuss the infinity of p’s satisfying
the theorem assumption. Section 4 is dedicated to some additional nonexistence results obtained
by computational methods.
Our methods for proving nonexistence results of GBFs involve algebraic number theory, such as
cyclotomic fields and their subfields, ideals, class groups, Galois actions, and so on. The standard
references are [8] and [24]. Below we briefly introduce the background knowledge.
For a number field F , denote by oF the ring of integers of F . The latter ring is a Dedekind
domain and we often consider the fractional ideals in F , which are oF modules of the form a/α,
where a ⊆ oF is an integral ideal and α ∈ oF is a nonzero element. Denote by IF the set of
nonzero fractional ideals of F , which is a free abelian group generated by all prime ideals under
multiplication. By a principal fractional ideal we mean a fractional ideal of the form αoF where
α ∈ F . Clearly, the set of all nonzero principal fractional ideals, denoted by PF , is a subgroup of
IF , and the quotient IF /PF , denoted by Cl(F ), is called the class group of F . Class groups play
an important role in classical algebraic number theory. One of the nontrivial facts is that Cl(F ) is
a finite abelian group for all F , and by h(F ) we denote the cardinality of Cl(F ), called the class
number of F . We also need the basic knowledge of the decompositions of prime ideals in extension
fields and the decomposition fields. We refer the reader to [8, Section I.6, Section III.7].
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2. Quadratic norm form equations
Let E/F be quadratic extension of number fields. An quadratic norm form equation (norm
equation for short) is a equation of the form
(2.1) NE/F (α) = a,
where NE/F is the norm from E to F , α ∈ E is the undeterminant and a ∈ F× is a constant.
By integral points of (2.1), we mean that the solution to (2.1) α is considered in the ring of
integer oE of E. For many cases, we obtain the explicit quadratic equation over oF
ax2 + bxy + cy2 + g = 0,
where a, b, c and g are in oF and the undeterminant (x, y) ∈ o2F . Under some constrains, this
equation was investigated in many papers, such as [26, 29, 15] for F = Q, [28, 25, 27] for F being
quadratic fields, and [29, 30] for F being arbitrary number fields.
For application in this paper, let E ⊆ Q(ζN ) be a complex subfield of the N -th cyclotomic field
and F = E ∩ R its maximal real subfield. We consider N = p a prime here. Since E is complex,
E/F is quadratic. Actually, E is a CM-field. We consider the nonexistence of integral points of the
norm equation (2.1) in the case where a is a rational prime power qn. For several certain classes of
N and qn, this problem was discussed in [3, 4, 5, 12] and [14, 13]. The following theorem provides
the nonexistence of integral points for (2.1) with a = qn.
Theorem 2.2. Let p and q be two distinct primes, n an odd positive integer and K = Q(ζp). Let
E ⊆ K be complex and F = E ∩ R. Suppose [F : Q] = k. If
(2.3) p > (4qn)k,
then the quadratic norm form equation NE/F (α) = q
n has no solution with α ∈ oE.
Proof. Let γ = ζp − ζ−1p . One can check that NK/Q(γ) = p. Let ξ = NK/E(γ) and δ = NE/F (ξ).
Thus we have
NE/Q(ξ) = NK/Q(γ) = p.
I claim that E = F (ξ) = F (
√−δ). Actually, if ξ ∈ F ,
p = NE/Q(ξ) = NF/Q(ξ
2) = NF/Q(ξ)
2.
But γ ∈ oK implies NF/Q(ξ) ∈ Z, which is a contradiction. This shows that E = F (ξ). Since E
is complex, we know that [K : E] is odd and E/F is quadratic with Galois group generated by
the complex conjugation. Also note that Gal(K/Q) is abelian containing the complex conjugation.
Hence
ξ¯ = NK/E(γ) = NK/E(γ¯) = NK/E(−γ) = −NK/E(γ) = −ξ.
It follows that
ξ2 = −ξξ¯ = −NE/F (ξ) = −δ,
which completes the proof for the claim.
Thus E = F (
√−δ) with
NF/Q(δ) = NE/Q(ξ) = p,
which implies that δoF is a prime ideal lying over p.
Now assume that
(2.4) NE/F (α) = q
n for some α ∈ oE .
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Due to the elementary Lemma 2.6 below we may write α = (x + y
√−δ)/2 for some x, y ∈ oF . It
follows from (2.4) that
(2.5) qn = NE/F (α) = αα¯ =
x2 + δy2
4
.
Note here that n is odd, and hence y 6= 0. Otherwise, x2 = 4qn and then √q ∈ F , which is
a contradiction since it is well-known that Q(
√
(−1)(p−1)/2p) is the unique quadratic subfield of
K = Q(ζp).
Next we shall show that x2, y2 and δ are all totally nonnegative, i.e., they are all nonnegative
after applying each σ ∈ Gal(F/Q). Recall that every element in Gal(K/Q) commutes with the
complex conjugation. We have for every σ ∈ Gal(K/Q), that
σ(δ) = σ(NE/F (ξ)) = σ(ξξ¯) = σ(ξ)σ(ξ) ≥ 0.
Also since σ(x), σ(y) ∈ F are fixed by the complex conjugation,
σ(x2) = σ(x)2 ≥ 0 and σ(y2) = σ(y)2 ≥ 0.
It follows form (2.5) that
(4qn)k = NF/Q(x
2 + δy2)
=
∏
σ∈Gal(F/Q)
(
σ(x2) + σ(δ)σ(y2)
)
≥
∏
σ∈Gal(F/Q)
σ(x2) +
∏
σ∈Gal(F/Q)
σ(δ)
∏
σ∈Gal(F/Q)
σ(y2)
= NF/Q(x)
2 +NF/Q(δ)NF/Q(y)
2
≥ p,
where the first inequality holds since x2, y2 and δ are all totally nonnegative, and the last one holds
since NF/Q(x) ∈ Z, NF/Q(y) ∈ Z \ {0} and NF/Q(δ) = p. This contradicts to the assumption (2.3).
The proof is complete. 
Lemma 2.6. Let E = F (
√
d) be arbitrary quadratic extension of number fields, where d ∈ F is
such that doF factors into distinct prime ideals of F . Then every element of oE is of the form
(x+ y
√
d)/2 for some x, y ∈ oF .
Proof. For any β ∈ oE , write β = a+ b
√
d where a, b ∈ F . We may assume b 6= 0 and clearly the
minimal polynomial of β over F is
T 2 − 2aT + a2 − db2 ∈ F [T ]
Since β ∈ oE, we have 2a, a2−db2 ∈ oF . Hence a = x/2 and db2 = z/4 for some x, z ∈ oF . Suppose
the prime decomposition of d is
doF = p1 . . . ps,
and
2boF = ap
r1
1 . . . p
rs
s
for some fractional ideal a of F relative prime to all p1 . . . ps and some integers r1, . . . , rs. Then we
have
(2b)2doF = a
2p2r1+11 . . . p
2rs+1
s ⊆ oF .
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It follows that a ⊆ oF and r1, . . . , rs ≥ 0, which implies 2b = y for some y ∈ oF . The proof is
complete. 
Now consider a special case of Theorem 2.2 with E = K = Q(ζp). But then k = [F : Q] =
(p − 1)/2 and the assumption (2.3) never holds. Fortunately, we may use [12, Lemma 2.4 (3)] to
descent the equation (2.4) from Q(ζp) to a subfield with small degree over Q. Then we obtain the
nonexistence of integral points for (2.1) with a large class of p and a = qn. We state the result after
generalizing Q(ζp) to Q(ζpe). For an integer a, denote by B(a) the 2-part of a. Thus if a = 2
ma1
where a1 is odd, then B(a) = 2
m.
Corollary 2.7. Let p and q be two distinct primes with f = ordp(q) > 1 and n an odd positive
integer. Suppose that e is an positive integer and e = 1 or
(2.8) qf 6≡ 1 (mod p2).
Let E = Q(ζpe) and F = E ∩ R. If
(2.9) p > 4B(l)qnl where l =
2(p− 1)
(3− (−1)f ) f ,
then NE/F (α) = αα¯ = q
n has no solution with α ∈ oE.
Proof. First note that f > 1. Then p is odd and E is complex with E/F being quadratic. Since
Gal(E/Q) is cyclic of degree ϕ(pe) where ϕ is the Euler totient function, we denote by Eq the
unique subfield of E having degree p−1f over Q. Then Eq ⊆ K = Q(ζp). Assume there exist α ∈ oE
such that
NE/F (α) = αα¯ = q
n.
Note that f = ordp(q) > 1 implies p ∤ q − 1. By (2.8) and Lemma 2.12 below we have
ϕ(pe)
ordpe(q)
=
ϕ(p)
ordp(q)
=
p− 1
f
.
Hence Eq is the decomposition field of q in E. Then we obtain by [12, Lemma 2.4 (3)] that
(2.10) ββ¯ = qn for some β ∈ oE and β2 ∈ oEq .
This is to say, β ∈ oE1 where E1/Eq is some extension contained in E such that [E1 : Eq] ≤ 2.
If E1 is real, clearly we have β¯ = β and then
√
q ∈ E, which is impossible. Thus E1 is complex.
Note that [E : Eq] = ordpe(q) = fp
e−1. If f is odd, we have E1 = Eq and then [E1 : Q] = (p−1)/f .
Otherwise since [K : Eq] = f is even and E/Q is cyclic, we may fix E1 ⊆ K to be the unique
quadratic extension of Eq and then we have [E1 : Q] = 2(p− 1)/f . It follow that we always have
[E1 : Q] = 2
2(p− 1)
(3− (−1)f ) f = 2l and E1 ⊆ K.
We want to obtain a complex subfield E2 ⊆ E1 as small as possible. Thus let E2 ⊆ E1 be the
unique subfield having degree 2B(l) over Q. Since E1 is complex and [E1 : E2] = l/B(l) is odd we
know that E2 is complex. Let F2 = E2 ∩R having degree B(l) over Q and taking norm from E1 to
E2 in (2.10) we obtain
(2.11) NE2/F2(NE1/E2(β)) = NE1/E2(β)NE1/E2(β) = q
nl/B(l) with NE1/E2(β) ∈ oE2.
Note that E2 ⊆ K = Q(ζp). Therefore by Theorem 2.2 with E/F replaced by E2/F2, α by
NE1/E2(β), k by B(l) and n by nl/B(l), we know that actually (2.11) does not hold due to the
assumption (2.9). This completes the proof. 
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Lemma 2.12. Let p be an odd prime and a an integer with f = ordp(a). If
(2.13) af 6≡ 1 (mod p2),
then ordpe(a) = fp
e−1 for all e > 1.
Proof. Since f | p− 1 and (p− 1, pe−1) = 1, it suffice to show that
(2.14) afp
e−1 ≡ 1 (mod pe)
and
(2.15) afp
e−2 6≡ 1 (mod pe).
Claim that for each r ≥ 2,
afp
r−2 ≡ pr−1t+ 1 (mod pr) for some t ∈ Z not divisible by p,
which clearly implies (2.15) when r = e and (2.14) when r = e+ 1.
We shall prove this claim by induction on r. Since we have af ≡ 1 (mod p) and (2.13), it trivially
holds for r = 2. Suppose it holds for r ≥ 2. Then we have for some k ∈ Z that
afp
r−1
= (prk + pr−1t+ 1)p
= (pr−1t+ 1)p + p(pr−1t+ 1)p−1prk +
(
p
2
)
(pr−1t+ 1)p−2(prk)2 + · · ·+ (prk)p
≡ (pr−1t+ 1)p = (pr−1t)p + · · ·+
(
p
2
)
(pr−1t)2 + p× pr−1t+ 1
≡ prt+ 1 (mod pr+1),
i.e., it also holds for r + 1. This complete the proof for the claim and also the lemma. 
Let us make the assumptions in Corollary 2.7 more explicit. Clearly for fixed p, there are finitely
many qn such that (2.9) holds. However if we fix qn and (p − 1)/f , it turns out that there seem
infinitely many p’s satisfy all assumptions.
First we consider Corollary 2.7 in the case where e = 1, i.e., E = Q(ζp).
Proposition 2.16. Let qn and g be fixed where q is a prime and n, g are positive integers. For
positive real x, let pi(x) be the number of all primes not exceeding x, and Mqn,g(x) the number of
primes p not exceeding x, such that
(a) (p− 1)/f = g, where f = ordp(q) > 1,
(b) p > 4B(l)qnl where l = 2(p−1)
(3−(−1)f )f
.
Assuming extended Riemann hypothesis (ERH), then
Mqn,g(x) ∼ Cqn,gpi(x) ∼ Cqn,g x
log x
, as x→ +∞,
where Cqn,g is a positive constant depending only on q
n and g.
Moreover, these primes p along with the fixed qn and g satisfying all assumptions in Corollary
2.7 for e = 1 case, under ERH.
Proof. The first constraint (a) on p is related to a kind of generalization of Artin’s conjecture on
primitive roots. Note f > 1 is automatic for sufficiently large p. By [18, Theorem 1], where we take
n = g and a = q in the theorem, the number primes p not exceeding x and satisfying (a) equals
asymptoticly to C
(g)
q Li(x) as x → +∞, under ERH, where C(g)q is a positive constant depending
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only on q and g. On the other hand, to add the constraint (b), it suffice to exclude finitely many
p ≤ (4qn)g since (4qn)g ≥ 4B(l)qnl. It follows that for some positive Cqn,g depending only on qn
and g,
Mqn,g(x) ∼ C(g)q Li(x) ∼ Cqn,gpi(x), as x→ +∞,
since by the prime number theorem we have Li(x) ∼ pi(x). The proof is complete. 
Next we consider the case e > 1 and E = Q(ζpe) in Corollary 2.7. Besides (a) and (b), there is
one more constraint qf 6≡ 1 (mod p2). We tighten it to
(c) qp−1 6≡ 1 (mod p2),
primes NOT satisfying which are called base-q Wieferich primes. It is conjectured (c.f. [19]) that the
number of base-q Wieferich primes not exceeding x equals asymptoticly to Cq log log x as x→ +∞,
where Cq is a constant depending on q. Since log log x is insignificant compared with pi(x), based
on this conjecture and Proposition 2.16 we propose the following
Conjecture 2.17. With qn and g fixed as in Proposition 2.16, the number of primes not exceeding
x, such that (a), (b) and (c) holds equals asymptoticly to
Cqn,g
x
log x
as x→ +∞,
where Cqn,g is a positive constant depending only on q
n and g.
Moreover, these primes p along with the fixed qn and g satisfying all assumptions in Corollary
2.7 for e > 1 case.
Indeed, computational results show that Wieferich primes are very rare. See Remark 3.6 (c) in
the next section.
3. Nonexistence results for GBFs with type [n, 2pe]
In this section, by applying Corollary 2.7 we prove
Theorem 3.1. Let N = pe where e is a positive integer and p a prime such that f = ordp(2). If
e > 1, we further assume that
(3.2) 2f 6≡ 1 (mod p2).
Let n be an odd positive integer. If
(3.3) p > 22B(l)+nl where l =
2(p− 1)
(3− (−1)f ) f ,
then there is no GBF with type [n, 2N ].
Proof. Assume that F is a GBF with type [n, 2N ]. Since f = ordp(2), we have f > 1. Let
E = Q(ζN ) = Q(ζpe) and F = E ∩ R. Then we have by (1.2) in the definition of GBFs that
F (λ) ∈ oE and
F (λ)F (λ) = (2N)n = 2npen.
By[12, Lemma 2.4 (1)] we have
(3.4) αα¯ = 2n
for some α ∈ oE .
Take q = 2 in Corollary 2.7 whose assumptions are fulfilled, and we obtain that (3.4) has no
solution with α ∈ oE . The contradiction completes the proof. 
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Roughly speaking, Theorem 3.1 provides the nonexistence of GBFs with type [n, 2pe] for suffi-
ciently large p with respect to n and (p− 1)/ ord2(p). By the discussion at the end of Section 2 we
are able to show the infinity of p’s satisfying the assumptions in Theorem 3.1, for a fixed n.
Corollary 3.5. Let n and g be fixed positive integers. Assuming ERH (see Proposition 2.16), then
there exist a positive constant Cn,g depending only on n and g, such that as x goes to infinity, for
asymptoticly at least Cn,gx/ log x primes p not exceeding x with (p − 1)/f = g, there is no GBF
with type [n, 2p].
In particular, there are infinitely many such p’s.
Proof. Apply Proposition 2.16 with q = 2, we obtain asymptoticly at least Cn,gx/ log x primes p
not exceeding x, satisfying all assumptions of Theorem 3.1 with e = 1. The result then follows. 
Remark 3.6. (a) The assumptions in Theorem 3.1 can be verified by elementary calculations.
(b) It should be noted that ERH is always considered true in computational practice.
(c) Moreover, if we assume the conjecture on asymptotic number of Wieferich primes (based-2)
holds, then Conjecture 2.17 tells us that Corollary 3.5 is also correct for e > 1. That is, there
are asymptoticly at least Cn,gx/ log x primes p not exceeding x, such that there is no GBF
with type [n, 2pe]. Actually, numerical evidence suggests that very few of the primes in a given
interval are Wieferich primes. The only known base-2 Wieferich primes are 1093 and 3511, and
they are the only two for all primes less than 6.7× 1015 by [2].
For GBF with type [n, 2pe], where n is odd and f = ordp(2), the known results (1), (3) and (4)
in the introduction cover all cases where either p 6≡ 1 (mod 8) or n = 1, or f is even. Therefore,
though Theorem 3.1 and Corollary 3.5 provide universal nonexistence results for all odd n and
N = 2pe satisfying (3.2) and (3.3), it is more significant to confine Theorem 3.1 to p ≡ 1 (mod 8),
n ≥ 3 and f is odd, where all known methods appearing in previous literature are not applicable.
In what follows, we exhibit some examples to illustrate what Theorem 3.1 exactly says, only in
the case where
(3.7) p ≡ 1 (mod 8), n ≥ 3 and f = ordp(2) is odd.
Thus the numerical results in these examples are new. Calculations involved are all elementary.
We first consider fixed p under the assumption (3.7).
Example 3.8. By (3.3), l reaches the smallest possible value 4 when (p− 1)/f = 8. Since n ≥ 3,
(3.9) p > 22B(l)+nl ≥ 22B(l)+3l = 220 = 1048576.
Thus we search prime p > 220 satisfying (3.7), of which the smallest is 1049177 and we obtain the
smallest nontrivial result, i.e., there is no GBF with type [3, 2p], p = 1049177.
In the same manner, allowing larger n, say 11 and 15, we obtain the nonexistence of GBFs with
type [n, 2p] for
odd n ≤ 11 with p = 4503599627370889 and
odd n ≤ 15 with p = 295147905179352827401.
Next, we consider fixed n under the assumption (3.7).
Example 3.10. Let n = 3, by (3.9) and searching p satisfying (3.3), we obtain the first 5 such
primes are: 1049177, 1050169, 1050233, 1050473, 1051961. For these p’s, there is no GBF with type
[3, 2p]. Actually, there is no GBF with type [3, 2p] for all p ≥ 1049177 such that (p− 1)/f = 8, and
if we do not insist in f being odd, they are infinitely many under ERH, by Corollary 3.5.
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Another instance is n = 17, by searching p satisfying (3.3), we obtain
p = 75557863725914323420409, 75557863725914323422233, and so on.
For these p’s and odd n ≤ 17 there is no GBF with type [n, 2p]. In the same manner, we know that
there is no GBF with type [n, 2p] for all p ≥ 276 such that (p− 1)/f = 8.
At last we consider the case where e > 1, under the assumption (3.7).
Example 3.11. If we add the assumption (3.2), then all results in the previous two examples are
still correct. On the other hand, by [2], except 1093 and 3511, all primes less than than 6.7× 1015
satisfying the assumption (3.2) (see Remark 3.6 (c)). Note that neither 1093 nor 3511 is congruent
to 1 modulo 8. It follows that for all positive integer e, there is no GBF with type [n, 2pe] for odd
n, and p ≤ 6.7× 1015 described in the previous two examples.
4. Computational nonexistence results for GBFs
We see in the previous section that Theorem 3.1 provides the nonexistence of GBFs with type
[n, 2pe] for sufficiently large p with respect to n and (p− 1)/ ord2(p). The smallest nontrivial result
(see Example 3.8) is that there is no GBF with type [3, 2p], p = 1049177. According to (3.3),
the smallest prime p such that the theorem is available grows exponentially with respect to n and
(p− 1)/ ord2(p).
If we look for nonexistence results in the case where p is relative small, we shell use other methods.
The author and Li [14] suggest that one should take a closer look at the relations between the primes
Pk lying over 2 in the class group Cl(E), where E is the decomposition field of 2 in Q(ζp).
Unfortunately, under the assumption (3.7), obviously (p− 1)/ ord2(p), which is the degree of E
over Q (or the number of Pk) is at least 8. Hence it is very difficult to deal with the relations
between Pk in Cl(E). This is why we consider the computational approach.
We proceed with more general parameters. Let n be odd, t = 2N with 2 ∤ N ≥ 3, K = Q(ζN ),
f = ordN (2) and g = ϕ(N)/f . Let E be the decomposition field of 2 in K. Then [E : Q] = g. We
always assume f is odd here.
Now we suppose there is a GBF with type [n, t = 2N ]. Then the same argument as in the
beginning of the proof for Theorem 3.1 yields
αα¯ = 2n
for some α ∈ oK . Next by [12, Lemma 2.4 (3)] we have
ββ¯ = 2n for some β ∈ oK and β2 ∈ oE .
Since [K : E] = f is odd, we know that g is even, β ∈ oE and E is complex. Thus we may assume
Pu+k = P¯k, k = 1, 2, . . . , u, where u = g/2 and the Pk’s are such that the prime decomposition of
2 in E is
2oE = P1P2 . . .Pg.
Then we have
ββ¯oE =
u∏
j=1
Pnj P¯
n
j .
So
(4.1) βoE =
u∏
j=1
Pnkj P¯
n¯j
j
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where nj , n¯j are nonnegative integers such that nj + n¯j = n for all j = 1, 2, . . . , u. For convenience
we write xj for Pj in Cl(E) and view Cl(E) additively. Hence (4.1) becomes
u∑
j=1
(njxj + n¯jx¯j) = 0(4.2)
where nj + n¯j = l, j = 1, 2, . . . , u.
Thus we obtain:
Proposition 4.3. With the above notation, if (4.2) has no nonnegative integral solution
(n1, n2, . . . , ng), where nj + n¯j = n and
nu+j := n¯j , j = 1, 2, . . . , u,(4.4)
then there is no GBF with type [n, 2N ].
Note that this proposition also appeared in [14] but with additional assumptions added.
In the sequel, we mainly focus on the cases where N = pe and where methods in previous
literature are not applicable. That is, we work under the assumption
(4.5) p ≡ 1 (mod 8), n ≥ 3 and f = ordp(2) is odd.
If e > 1, we further assume that
(4.6) 2f 6≡ 1 (mod p2)
as in Theorem 3.1; then it reduces to the case where e = 1.
Remark 4.7. Since neither 1093 nor 3511 is congruent to 1 modulo 8, (4.6) holds for all p less
than 6.7× 1015. See Remark 3.6 (c).
Thus K = Q(ζp) and E is the unique subfield of K having degree g over Q. Proposition 4.3
provides an explicitly algorithm to find N = p and n, which searches (n1, n2, . . . , ng) exhaustedly to
determine the solubility of (4.2) (in the scenes of (4.4)). This is implemented by GP [6] as follows.
Step 1. For a given p and n, use galoissubcyclo to obtain the polynomial for the subfield
E ⊆ K, bnfinit the field information of E involving the ideal class group Cl(E), and
idealprimedec the set of primes S = {P1, . . . ,Pg}.
Step 2. Use nfgaloisconj and nfgaloisapply to identify the complex conjugation and the
conjugate pairs of primes in S. Then we may assume Pu+k = P¯k, k = 1, 2, . . . , u.
Step 3. Search n1, . . . , nu in the range [0, n], calculate every ideal A =
∏u
j=1P
nk
j P¯
n¯j
j , and use
bnfisprincipal to see whether A is principal, i.e., to determine the solubility of (4.2).
Remark 4.8. Let us give some remarks on the implementation above.
(1) In Step 1, we can only deal with small g, otherwise calculating the field information costs
too much time and memory.
(2) As noted in the PARI/GP documentation [6], since we use bnfinit to calculate the class
group, all results rely on this implementation are rigorous only under generalised Riemann
hypothesis (GRH). But as in Remark 3.6 (b), the results could be considered unconditionally
correct in practice.
(3) From Step 3 we know that the size of the searching space, O((n + 1)(g/2)), accounts for
almost all the calculation time.
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Table 4.9. (p, np) with p < 3000
p np p np
89 3 1609 23
233 7 1721 19
937 7 1913 25
1289 13 2441 31
1433 17 2969 33
According to the analysis above, we only confine ourself to the case where g = 8 and n is small.
Table 4.9 lists (p, np) with p < 3000, ord2(p) = (p − 1)/8 odd, where np is the largest positive
odd integer, such that (4.2) is not solvable for all odd positive n ≤ np. It costs several hours in
an ordinary computer with Intel(R) Core(TM) 2 CPUs and 2G memory. By Proposition 4.3 and
Remark 4.7, we have the following
Proposition 4.9. For all (p, np) in Table 4.9, there is no GBF with type [n, 2p
e] for all odd positive
n ≤ np and positive integer e, under GRH.
Next we recall in Example 3.10 that for n = 3, there is no GBF with type [3, 2p] for all p ≥
1049177 such that (p − 1)/f = 8. Thus we use the previous implementation to determine the
solubility of (4.2) for all p < 1049177 and n ≤ 3 such that f = (p − 1)/8 is odd. The calculation
also costs several hours and shows that (4.2) is not solvable for n ≤ 3 and these p’s. This fact,
combined with Proposition 4.3, Example 3.10 and Corollary 3.5, gives the following
Proposition 4.10. Let f = ordp(2). Under GRH, there is no GBF with type [3, 2p
e] for all prime
p such that f = (p− 1)/8 is odd, and e = 1 or 2f 6≡ 1 (mod p2).
Moreover, if f is not restricted to being odd, these primes are infinitely many under ERH.
It should be noted that the implementation in this section can also deal with any N not only
with N = pe. This allows us to obtain more new computational nonexistence results, which belongs
to the future work.
5. Conclusion
It was Feng [3] that first used the nonsolubility of the norm form equation
(5.1) αα¯ = (2N)n α ∈ Z[ζN ]
as the key idea to prove the nonexistence of GBFs with type [n, 2N ]. From then on, in order to
prove the nonexistence of GBFs, various methods were developed ([4, 5, 14], etc.) to show the
nonexistence of integral points of (5.1). But it is difficult to deal with the case where N = pe, p ≡ 1
(mod 8), and people know little about the nonexistence of GBFs with types in this case. See (3.7)
and the comments before it for details.
In spite of many results on the integral points of quadratic norm form equations, as far as I can
see, Theorem 2.2 and Corollary 2.7 are most useful in our situation.
On the nonexistence of GBFs, some of the previous results were sporadic, some of them had
too many constrains on parameters, and none of them included the cases of (3.7). While the main
result of this paper, Theorem 3.1, provides a quite universal nonexistence result for the N = pe
case. In particular, we solve the nonexistence problem of GBFs for the cases of (3.7). I hope to
further develop the tool of norm form equations and the computational methods to deal with more
situations.
12 C. LV
References
[1] John Francis Dillon, Elementary hadamard difference sets, Proc. 6th S-E Conf. Combinatorics, Graph Theory,
Comput., Utilitas Math. (Hoffman F. et al., ed.), 1975, pp. 237–249.
[2] Franc¸ois G Dorais and Dominic Klyve, A wieferich prime search up to 6.7 × 1015, J. Integer Seq 14 (2011),
no. 9.
[3] Keqin Feng, Generalized bent functions and class group of imaginary quadratic fields, Science in China Series
A: Mathematics 44 (2001), no. 5, 562–570.
[4] Keqin Feng and Fengmei Liu, New results on the nonexistence of generalized bent functions, IEEE Transactions
on Information Theory 49 (2003), no. 11, 3066–3071.
[5] , Non-existence of some generalized bent functions, Acta Mathematica Sinica 19 (2003), no. 1, 39–50.
[6] PARI/GP Development group, PARI/GP, 2.9.4, A computer algebra system designed for fast computations in
number theory, available at http://pari.math.u-bordeaux.fr/ , 2017.
[7] Masatoshi Ikeda, A remark on the non-existence of generalized bent functions, Number Theory and Its Appli-
cations (Cem Y. Yildirim and Serguei A. Stepanov, eds.), Lecture Notes in Pure and Applied Mathematics, vol.
204, Marcel Dekker, 1999, pp. 109–119.
[8] Gerald J. Janusz, Algebraic number fields, 2 ed., Graduate Studies in Mathematics, vol. 7, American Mathe-
matical Society, 1996.
[9] Yupeng Jiang and Yingpu Deng, New results on nonexistence of generalized bent functions, Designs, Codes and
Cryptography 75 (2015), no. 3, 375–385.
[10] P Vijay Kumar, Robert A. Scholtz, and Lloyd R. Welch, Generalized bent functions and their properties, Journal
of Combinatorial Theory, Series A 40 (1985), no. 1, 90–107.
[11] Jianing Li and Yingpu Deng, Nonexistence of two classes of generalized bent functions, Designs, Codes and
Cryptography 85 (2017), no. 3, 471–482.
[12] Haiying Liu and Keqin Feng, New results on nonexistence of perfect p-ary sequences and almost p-ary sequences,
Acta Mathematica Sinica, English Series 32 (2016), no. 1, 2–10.
[13] Chang Lv, On the non-existence of certain classes of perfect p-ary sequences and perfect almost p-ary sequences,
IEEE Transactions on Information Theory 63 (2017), no. 8, 5350–5359.
[14] Chang Lv and Jianing Li, On the non-existence of certain classes of generalized bent functions, IEEE Transac-
tions on Information Theory 63 (2017), no. 1, 738–746.
[15] Chang Lv, Junchao Shentu, and Yingpu Deng, On the integral representation of binary quadratic forms and
the Artin condition, Tokyo Journal of Mathematics (to appear), 1–14.
[16] Thor Martinsen, Wilfried Meidl, Sihem Mesnager, and Pantelimon Staˇnicaˇ, Decomposing generalized bent and
hyperbent functions, IEEE Trans. Inform. Theory 63 (2017), no. 12, 7804–7812. MR 3734198
[17] Sihem Mesnager, Bent functions, Springer, 2016, Fundamentals and results. MR 3526041
[18] Leo Murata, A problem analogous to artin’s conjecture for primitive roots and its applications, Archiv der
Mathematik 57 (1991), no. 6, 555–565.
[19] Leo Murata et al., An average type result on the number of primes satisfying generalized wieferich condition,
Proceedings of the Japan Academy, Series A, Mathematical Sciences 57 (1981), no. 8, 430–432.
[20] John D Olsen, Robert Scholtz, Lloyd RWelch, et al., Bent-function sequences, IEEE Transactions on Information
Theory 28 (1982), no. 6, 858–864.
[21] Dingyi Pei, On non-existence of generalized bent functions, Finite Fields, Coding Theory, and Advances in
Communications and Computing (Gary L. Mullen and Peter Jau-Shyong Shiue, eds.), Lecture Notes in Pure
and Applied Mathematics, vol. 141, Marcel Dekker, 1993, pp. 165–172.
[22] Oscar S Rothaus, On “bent” functions, Journal of Combinatorial Theory, Series A 20 (1976), no. 3, 300–305.
[23] Chunming Tang, Can Xiang, Yanfeng Qi, and Keqin Feng, Complete characterization of generalized bent and
2k-bent Boolean functions, IEEE Trans. Inform. Theory 63 (2017), no. 7, 4668–4674. MR 3666982
[24] Lawrence C Washington, Introduction to cyclotomic fields, 2 ed., Graduate Texts in Mathematics, vol. 83,
Springer, New York, 1997.
[25] Dasheng Wei, On the sum of two integral squares in quadratic fields Q(
√±p), Acta Arith. 147 (2011), no. 3,
253–260.
[26] , On the Diophantine equation x2 −Dy2 = n, Science China Mathematics 56 (2013), no. 2, 227–238.
[27] , On the sum of two integral squares in the imaginary quadratic field Q(
√−2p), Science China Mathe-
matics 57 (2014), no. 1, 49–60.
[28] , On the sum of two integral squares in certain quadratic fields, 27 (2015), no. 4, 1923–1944.
NONEXISTENCE OF GBF AND QUADRATIC NORM FORM EQUATIONS 13
[29] Dasheng Wei and Fei Xu, Integral points for multi-norm tori, Proceedings of the London Mathematical Society
104 (2012), no. 5, 1019–1044.
[30] , Integral points for groups of multiplicative type, Advances in Mathematics 232 (2013), no. 1, 36–56.
State Key Laboratory of Information Security, Institute of Information Engineering, Chinese Acad-
emy of Sciences, Beijing 100093, P.R. China
E-mail address: lvchang@amss.ac.cn
